Recent pump-probe experiments on underdoped cuprates and similar systems suggest the existence of a transient superconducting state above Tc. This poses the question how to reliably identify the emergence of long-range order, in particular superconductivity, out-of-equilibrium. We investigate this point by studying a quantum quench in an extended Hubbard model and by computing various observables, which are used to identify (quasi-)long-range order in equilibrium. Our findings imply that, in contrast to current experimental studies, it does not suffice to study the time evolution of the optical conductivity to identify superconductivity. In turn, we suggest to utilize time-resolved ARPES experiments to probe for the formation of a condensate in the single-and two-particle channel.
Introduction Superconductivity (SC) is one of the hallmarks of condensed-matter systems and has inspired researchers since its discovery in 1911, and later by the advent of high-temperature SC in cuprate materials [1] [2] [3] [4] . While, in particular for the latter class of materials, many questions are subject of ongoing research, the basic characteristics of the SC phase are by now well established as long as the system is in equilibrium. However, recent experiments (e.g., [5] [6] [7] [8] [9] on copper oxides, or on K 3 C 60 ) report the observation of possible photo-induced transient SC phases, which can exist at elevated temperatures, even above the equilibrium-critical temperature T c [10] [11] [12] . In these investigations, ultrashort THz pulses excite single phonon modes, which decay very slowly compared to the typical time scale of the electron dynamics and thereby offer the possibility to control the interaction parameters of the electronic system [13] . Subsequently, the ω-dependent optical conductivity is determined as a function of time via reflectivity measurements using a probe pulse, and SC correlations are identified by the emergence or enhancement of a signal at ω → 0. This is by now a standard experimental procedure, which, however, leaves many questions open, in particular concerning the characterization of the state induced by the pump excitation (see, e.g., Refs. [14] [15] [16] [17] . Recently, non-equilibrium Higgs oscillations have been suggested as a probe for the existence of a SC condensate [18] .
In this Letter, we address this issue regarding further experimental measures to probe SC in such non-equilibrium setups. For the sake of simplicity, we focus on onedimensional (1D) systems, for which powerful numerical techniques are available in terms of matrix-product states (MPS) [19] [20] [21] . We argue that it does not suffice to study only the optical conductivity, since the pump as well as the probe pulse can induce currents, which can modify the low-frequency behavior, without being a direct proof for SC. Nevertheless, we are able to provide evidence for the emergence of SC in the course of time by studying the time evolution of spectral functions, which are accessible to time-resolved ARPES (tr-ARPES) experiments [22] [23] [24] [25] [26] [27] [28] . We propose to study the usual single-particle and a pairing spectral function, which we introduce below. We find particularly in the latter quantity clear signatures for the accumulation of weight at k = 0, indicative for the (quasi-)condensation of pairs, realizing a transient SC state with quasi-long-range order (qLRO). While our results indicate the persistence of qLRO, non-equilibrium situations can be beyond the realm of validity of the Mermin-Wagner-Hohenberg theorem [29] [30] [31] , which inhibits the formation of true long-range order (LRO) in 1D systems. The scope of this Letter is, therefore, threefold: To demonstrate that the time evolution of the optical conductivity does not suffice to unambiguously establish transient SC order, to present spectral functions as a more reliable probe, and to test the possible realization of LRO in 1D out-of-equilibrium systems by investigating correlation matrices. The general validity of our findings is supported by comparing the extended Hubbard model [32] [33] [34] [35] [36] [37] [38] and a variant of the 1D t-J model [3, [39] [40] [41] [42] [43] [44] .
Model and methods We study the time evolution of Hubbard chains [45] [46] [47] [48] following a quantum quench [49] . Recent experiments [7-9, 11] on high-T c superconductors suggest that if there are preformed double occupancies, e.g., in the normal state slightly above T c , pumping particular phonon modes induces charge coherences, which drive the system into a transient superconducting state. Therefore, our starting point is to assume that lattice distortions modify the strength of the couplings [10, 13] and thereby alter the nearest-neighbor interaction between the electrons, so that we consider a quench in the 1D extended Hubbard model,
(1) withT = −t hop j,σ ĉ † j,σĉj+1,σ + h.c. being the kinetic energy. Therein,ĉ der operators, which obey the canonical anticommutation relations ĉ i,σ ,ĉ † j,σ = δ i,j δ σ,σ , ĉ i,σ ,ĉ j,σ = ĉ i,σ ,ĉ j,σ = 0, and we denote byn j =n j,↑ +n j,↓ the total electron occupation at site j. For later convenience, we also define doublon ladder operatorsd j ≡ĉ j,↑ĉj,↓ . As motivated above, we start in a charge-ordered state, which favors double occupancies (U/t hop = −4, V /t hop = 1 /4) [17, 50] . We perform a sudden quench in the nearestneighbor interaction V /t hop = 1 /4 → − 1 /4 into the s-wave superconducting phase at zero temperature [51] , keeping the local Hubbard interaction fixed at U/t hop = −4. We then calculate the real-time evolution using a combined single-and two-site time-dependent variational principle (TDVP) scheme in the MPS formulation of the densitymatrix renormalization group (DMRG) for lattices [19] [20] [21] 52] with up to L = 80 sites, open boundary conditions, and a maximal bond dimension of m max = 1000 states. To investigate the formation and stability of transient SC, we studied the differential optical conductivity after a probe pulse [53, 54] , spectral functions, and the correlation matrices [55, 56] of single-and two-particle excitations [22] [23] [24] [25] [26] [27] . We complement our studies by considering a similar quench in the 1D t-J ⊥ model [43, 44] ,
, at filling n = 0.2 by quenching J ⊥ /t hop = 2 → 6, i.e., from a Luttinger liquid [57] to a singlet SC phase [58] . We choose our energy and time units by setting t hop ≡ 1 and ≡ 1.
Time-dependent Optical Conductivity The experimental setups [7] [8] [9] 11] we refer to typically measure the reflectivity after pump-probe excitations, from which the optical conductivity is extracted. We follow Refs. 53 and 54 and compute the differential optical conductivity
after the quench at t = 0. A(ω, ∆t) is the vector potential of the Fourier-transformed Gaussian probe
cos(ω 0 t) in Peierls substitution [59] applied after the time delay ∆t. The response current j(t, ∆t) = i j,σ e −iA(t,∆t)ĉ † j,σĉj+1,σ − h.c. was calculated from a real-time evolution of the perturbed system, and the ω-dependence j(ω, ∆t) is obtained by a Fourier transform [60] . We show the real ( Fig. 1a ) and imaginary ( Fig. 1b ) parts of σ(ω, ∆t) for delays up to ∆t = 10 and a system with L = 64 sites. For the real part, we find a sudden transfer of spectral weight from the CDW signal at around ω ≈ 3 towards ω ≈ 1.7, which is due to the sudden change of the Hamiltonian. This insinuates that quasi-particles with twice the mass are seen in the response function, since their energy is (about) half of the original one [43] . At the same time, in the imaginary part a peak forms near ω = 0. We compare this to the SC ground state and realize that, at the first glance, similar behavior is induced. However, in particular in σ 1 , clear differences appear, and σ 2 shows additional features. Also, it is hard to decide whether σ 2 (ω, ∆t) is diverging as 1 /ω for ω → 0, since we are limited in the frequency resolution. We conclude that, as in the experiments, the question whether the accumulation of spectral weight near ω = 0 is due to induced SC or an enhanced metallicity after a pump pulse is hard to decide. However, in contrast to the experi-mental situation we have direct access to the time dependence of the current induced by the probe pulse. The properties of this current are further illustrated by the inset of Fig. 1c , where we display the response electron density n i (t) probe − n i (t) 0 , which compares the time evolution of the local density in the SC phase with and without probe pulse. As can be seen, the effect of the probe pulse is to accumulate charge at the edges of the system. After passage of the probe pulse, this causes the measured current. In the SC phase the probe pulse induces a long-living DC current, while in non-equilibrium we find no clear evidence for a comparable response (see Fig. 1c ). In turn, in our simulations the induced charge flow decays on time scales of at least t ∼ 25/t hop which sets the scale of a low-frequency response 2π/t ≈ 0.25 in the imaginary part σ 2 . Thus, a strengthening of the response at ω → 0 alone, as observed here, does not suffice to demonstrate SC. Spectral Functions From now on we consider postquench states at ∆t = 15/t hop . This is justified, since for times t > 4/t hop a transient state is reached, as seen in the time evolution of the eigenvalues of the correlation matrix (see below), which we find to be non-thermal [51] . Motivated by tr-ARPES, we consider the in-and out-ofequilibrium time-dependent lesser Greens functions for t > ∆t: CÔ(j, t, ∆t) = ψ(∆t)|Ô † j (t)Ô L /2 (0)|ψ(∆t) in the single-and two-particle channel, i.e.,Ô j =ĉ j,↑ and O j =d j , respectively, and we indicate the equilibrium case by setting ∆t ≡ 0. We refer to the Fourier transform to momentum and frequency space [51] 
as the differential spectral function, where we have introduced a spectral broadening η > 0 [21] . Note that here we explicitly do not restrict ourselves to single-electron excitations, but also study processes that may excite double occupations, i.e., doublons. Fig. 2 displays the spectral functions for double occupations Sd(q, ω, ∆t) for both equilibrium phases (SC and CDW) and after the quench. We obtain a clear accumulation of weight at q = 0 in the postquench state, which renders the result similar to the one of the SC ground state displayed. This is the central statement of this Letter: A (quasi-)condensate of s-wave (Cooper-)pairs forms after the quench, which is clearly detectable in Sd(q, ω, ∆t). We emphasize that this coherence between the charges is dynamically created after the quench, as seen in the comparison with Fig. 2b , which shows dispersive, incoherent doublons. In summary, spectral weight is shifted due to the quench from the dispersive band in the CDW ground state towards q = 0, indicating the formation of a (quasi-)condensate of bosonic quasi-particles, with a striking similarity to the spectral function in the SC ground state. We observe similar behavior in the corresponding pairing spectral function of the t-J ⊥ model [51] , so that we expect this to be a generic feature, at least for quenches to SC phases.
Current tr-ARPES experiments usually investigate the time evolution of the spectral functions for single-electron excitations Sĉ(q, ω, ∆t), which we show in Fig. 3 .
The signatures to discriminate the SC phase from the CDW phase are not as prominent as for the double occupations. Nevertheless, we find that in the SC ground state (Fig. 3a) there is an accumulation of spectral weight around q = π /2 at frequencies ω ≈ 1.5. This is to be contrasted with the nearly equal distribution of spectral weight in the low-lying dispersive branch between ω ≈ 1.3 and ω ≈ 2 in case of the CDW ground state (Fig. 3b) . Again, comparing to the spectral function after the quench (Fig. 3c ), we find a clear resemblance with the accumulation of spectral weight as in the SC phase with the band edge lifted from ω ≈ 1.3 in the SC phase towards ω ≈ 1.5. This further supports the formation of a (transient) SC state.
Correlation matrices Now we turn to the question whether there exists true LRO forming after the quench. In Ref. 55 , Onsager and Penrose suggest to detect off-diagonal LRO by determining the eigenvalues λ ν of correlation matrices
i.e., χÔv ν = λ ν v ν . The correlation matrix determines the order parameter if the dominating eigenvalue scales extensively in the system size lim L→∞ λ L L → O(1), which also implies an extensive separation of the dominating eigenvalue λ L from the bulk [51] .
Due to the Mermin-Wagner-Hohenberg theorem [29] [30] [31] , in 1D and in equilibrium, for pair formation only qLRO can be realized, which translates to a SC order parameter vanishing in the thermodynamic limit. In order to test this in a non-equilibrium setup, we studied the time evolution of the correlation matrix χd(i, j) = ψ(t)|d † idj |ψ(t) , which provides the SC order parameter. Figure 4 shows the difference between the two largest eigenvalues ∆λ/L = λ L −λ L−1 L , which exhibits a consistent separation of more than one order of magnitude during the time evolution. We have estimated the saturation values of the dominating eigenvalue by averaging over the accessible time scales, in which we assumed quasi-stationarity, λ L = 1 t1−t0 t1 t=t0 λ L (t) with t 0 = 10, t 1 = 32. In the inset of Fig. 4 , we compare the scaling behavior to the one of the SC ground state, where β SC ≡ λ L /L ∼ 1/ √ L is realized, with saturation value β SC = −3 × 10 −3 ≈ 0, as expected. After the quench, the scaling is best described by fitting the asymptotic behavior with λ L /L ∼ 1 /L, and in this case we extracted a value β = 3×10 −4 , whose magnitude is even smaller than the one obtained in equilibrium, and hence zero within the error bars of our scaling analysis. The scaling to zero indicates that no true LRO is obtained. However, the extensive growth clearly indicates the formation of qLRO after the quench.
Conclusion and Outlook Our results for the differential optical conductivity in the extended Hubbard model after a quench indicate that the enhancement of during time evolution after quench for various system sizes. Inset shows extrapolation of the scaling of the dominating natural orbital with the system size. σ 2 (ω, ∆t) in the low-frequency regime does not suffice to uniquely identify SC: The currents induced by a probe pulse cannot unambiguously be identified as supercurrents. In contrast, the pairing spectral function shows a clear accumulation of weights at q → 0, which is absent in our initial state, but present in the SC ground state. This provides stronger evidence for the formation of a SC state than the reflectivity measurements. The scaling to zero of the largest eigenvalue of the pairing correlation matrix shows that this transient state carries SC qLRO. This opens the theoretical question whether this is generic for the non-equilibrium dynamics of 1D systems, and indicates the possibility that in higher dimensions true SC LRO instead of qLRO can be realized. We expect that the pairing spectral function can also be used as strong indicator for SC in these setups.
In summary, our study indicates that reflectivity measurements need to be complemented by tr-ARPES-type experiments in future investigations. Readily available tr-ARPES setups measure the single-particle spectral function, which shows a shift of weights towards the SC state. We propose to also investigate the time evolution of pairing spectral functions, which provide the clearest evidence for the formation of a transient SC state. 
SPECTRAL FUNCTION
We defined the differential spectral function SÔ(q, ω, ∆t) by the power spectrum in momentum space of the propagator of the operatorsÔ j
where we defined r ij = r i − r j = (i − j) · a in terms of the lattice spacing and abbreviated the expectation values at time delay ∆t by ψ(∆t)| · · · |ψ(∆t) ≡ · · · ∆t . Thê O i 's are ladder operators obeying (anti-)commutation re-
= δ ij and so do their Fourier transformed counterpartŝ
The differential spectral function is reformulated to simplify the numerical evaluation:
where we used the time translational invariance of the (quasi-)steady state to shift the argument: Ô † q (−t)Ô q = Ô † qÔq (t) = Ô † (t) qÔq * . Thus, we can evaluate the time integral by taking the real part of the Fourier transformation and restrict the integration domain to t ≥ 0. Note that in order to discretize the Fourier transformation to frequency space, we defined the limit as
Using Eq. (4), we thus numerically evaluated the Fourier transformation to frequency space via
with discretized frequencies ω n = n π T (n = 0, . . . , N T −1), t m = mδ and the summation range fixed by the time step δ = T /N T . Furthermore, integrating over the frequency domain, the propagator fulfills
which implies the sum rule
Thus, forÔ i =ĉ i,σ this yields the total number of particles with local spin projection σ, while forÔ i =d i arXiv:1905.08638v1 [cond-mat.str-el] 21 May 2019
we expect the overall number of doublons in the system. Note that the overall doublon occupationD = id † idi in general is not conserved byĤ. It follows that, if the correlation function is time translationally invariant the same needs to be true for the sum rule, i.e.,D needs to be conserved. Therefore, we also monitored this quantity.
NATURAL ORBITALS
General Theory We consider a correlation matrix [1] for some local observableÔ j
Then, off-diagonal long-range order (LRO) in the thermodynamic limit is defined according to
i.e., the correlation length diverges in the state |ψ . For a finite system with L lattice sites, χÔ(i, j) is a Hermitian L×L matrix, which we can formally diagonalize to obtain real eigenvalues λ ν and corresponding eigenvectors v ν . Expanding χÔ(i, j) as matrix χÔ in its eigenbasis, we can write
Introducing field operatorsη ν = i v ν,iÔi , their squared expectation values are related to the eigenvalues λ ν of χÔ
i.e., the eigenvalues are strictly positive. If we impose Ô i ,Ô † j = δ ij with = ±1 choosing between the commutator (+1) and anticommutator (−1), it follows that
This suggests to call the eigenvectors v ν natural orbitals and the eigenvalues natural orbital occupations λ ν of the correlation matrix χÔ.
The existence of off-diagonal LRO can now be related to properties of the natural orbitals. In particular, the condition lim |i−j|→∞
can be satisfied if there is oneν such that lim |i−j|→∞ λνv * ν,i vν ,j ∼ O(1). The eigenvectors v j are normalized so that asymptotically the scaling of this eigenvalue has to be lim L→∞ λν ∼ L α with some α ∼ O(1). On the other hand, the eigenvalues fulfill ν λ ν = j Ô † jÔj ∼ O(L) so that if there is a dominating natural orbital with the above mentioned property, we can safely neglect the remaining contributions lim |i−j|→∞
Therefore, in thermodynamic limit the linear response δην to a perturbation f (t)η † ν diverges as λν ∼ L α so that ην constitues the macroscopic order parameter.
Quasi-long-range order and error estimates In the following paragraphs, we focus on our results for the correlation matrix of double occupancies χd(i, j) = ψ|d † idj |ψ .
The problem under consideration is one-dimensional so that due to the Mermin-Wagner-Hohenberg theorem [2] [3] [4] at least in the ground state there can be quasi-long-range order (qLRO), only. This translates into a still extensively scaling, dominating natural orbital but with vanishing asymptotics. In the case of a non-interacting gas of hard-core bosons on a lattice, it is well-known [5, 6] that
with β ≡ 0, which is in excellent aggreement with our ground-state calculations in the superconducting phase at U = −4, V = − 1 /4 andÔ j =d j . We performed a finite size scaling of the eigenvalue of the dominant natural orbital by fitting the function λν L over L −α with α = 1 /2 in the superconducting ground state. The obtained value for the order parameter is β = −0.0027 ± 0.0002, which we used to gauge the precision of our method to δ ∼ O(10 −3 ). In the non-equilibrium situation, at first we averaged the dominating natural orbital over time after the system has reached a quasi-stationary state
with δ being the time step of the time-evolution scheme and we set t 0 = 10, t 1 = 32. Performing the finite-size analysis, we found the data to be best described by a scaling α = 1 with β = 0.0025 ± 0.0002 as asymptotic value of the order parameter. Within the error bounds deduced from the ground-state analysis, this implies β ≡ 0.
Momentum space To complete the discussion, we calculated the Fourier transformation of the natural orbitals v ν,q = j v ν,j e iqj . As shown in Fig. 1 , the Fourier modes v ν are nearly diagonal in k-space, i.e., the correlation matrix is approximately diagonalized by a Fourier transformation and the dominating natural orbital (NO) is characterized by a mode with q = 0. The off-diagonal contributions around q = π arise from highly excited states that are caused by the boundaries so that we conjecture these to vanish in the thermodynamic limit. We observe these properties consistently for times t > 4 in all considered system sizes L ∈ [32, 80] .
J-QUENCH IN THE t-J ⊥ CHAIN
Next to the extended Hubbard model, we considered the quench dynamics of the one-dimensional t-J ⊥ Hamiltonian [7, 8] 
at filling n = 0.2. Its phase diagram [8] at n = 0.2 features a metallic (Luttinger liquid [9] ) spin-density wave phase (M) at J ⊥ = 2t hop and a spin-gapped singlet SC phase at J ⊥ = 6t hop . In the following, we compute the equilibrium singlet-pair spectral functions at these two points in parameter space and also the nonequilibrium spectral function at late times for a quench
Spectral functions We consider the singlet-pair creation and annihilation operatorŝ
and compute the two-particle spectral function according to Eqs. (1) and (6) . The equilibrium SC spectral function shows a large weight at q = 0, and consistent with our findings in the extended Hubbard model in the main text, we find an increase of spectral weight around q = 0 in the postquench state (see Fig. 2c ). We attribute the low amplitudes of the spectral function and the absense of more complex spectral structures to the low filling of n = 0.2. Natural orbitals By direct analogy to the main text, we consider the question of true long-ranged order outof-equilibrium detectable in the correlation matrices. In Fig. 3 the time-dependent largest eigenvalue of the singlet-pair correlation matrix ∆ † i∆ j t is shown. In order to perform the scaling analysisλ m /L = α/L + β, we average over all largest natural orbitals for times t ≥ 20. The results shown in the inset of Fig. 3 yield a value of β = (4 ± 1) · 10 −4 , which is smaller than the estimated error of O(10 −3 ) so that β ≈ 0 within the estimated error bounds. This supports the conclusion that no true long-ranged order is realized in the transient state also for this model.
COMPARISON TO FINITE TEMPERATURE STATES
All our simulations were performed on pure states that are either ground-states of the models under consideration or quenches from the latter. The question arises whether, following the quench, the system reaches a state in which local observables are thermalized towards their values in the canonical ensemble. To address this issue, we calculated the density matrixρ(β) in the SC phase where we choose the inverse temperature β ≡ 1 /T in a way that Ĥ β Q ≡ H 0 . Here, · · · 0 denotes the ex- pectation value ofĤ after the quench and · · · β is the expectation value ofĤ with respect to a thermal statê ρ(β) in the superconducting phase. In order to obtain the correct inverse temperature, we performed an imaginary time evolution on an infinite-temperature stateρ(0) and cooled down the system this way until the energy matched the one of the quenched state [10] . In Fig. 4 , the obtained relation between energy and inverse temper-ature is displayed with the energy of the quenched state marked as dashed line. Having found the respective density matrixρ(β Q ), we exemplarily plot the expectation value of the superconducting correlation function
in both the thermal state and the quenched state at t = 10 in the inset of Fig. 4 . As can be seen, we do not obtain a state that is characterized by a thermal density matrix with inverse temperature β Q chosen in a way such that its energy matches the one after the quench.
